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Interference of electronic waves undergoing Andreev reflection in diffusive conductors 
determines the energy profile of the conductance on the scale of the Thouless energy. A 
similar dependence exists in the current noise, but its behavior is known only in few limit- 
ing cases. We consider a metallic diffusive wire connected to a superconducting reservoir 
through an interface characterized by an arbitrary distribution of channel transparencies. 
Within the quasiclassical theory for current fiuctuations we provide a general expression 
for the energy dependence of the current noise. We derive closed analytical expressions 
for large energy. 



Introduction 

Interference of electronic waves in metallic disordered conductors is responsible for 
weak localization corrections to the conductance."'^ If these are neglected, the proba- 
bility of transferring an electron through the diffusive medium is given by the sum of 
the modulus squared of the quantum probability amplitudes for crossing the sample 
along all possible paths. This probability is denoted as semiclassical, since quan- 
tum mechanics is necessary only for establishing the probability for following each 
path independently of the phases of the quantum amplitudes. In superconduct- 
ing/normal metal hybrid structures, interference contributions are not corrections, 
they may actually dominate the above defined semiclassical result for temperatures 
and voltages smaller than the superconducting gap. This is seen experimentally 
as an energy dependence of the conductance on the scale of the Thouless energy. 
Indeed, the energy dependence comes from the small wavevector mismatch, linear 
in the energy of the excitations, between the electron and the Andreev reflected 
hole. This is responsible for the phase difference in the amplitudes for two different 

paths leading to interference. The effect is well known and explicit predictions and 

2 '1 4 

measurements exist for a number of systems. 

Interference strongly affects the current noise too.I^ The largest effects are ex- 
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pected in the tunneling limit, when the transparency of the barrier is small and 
its resistance is much larger than the resistance of the diffusive normal region. 
Then, the con duct ance has a strong non linear dependence at low bias (reflection- 
less tunneling) PEI xhis is actually the case, but the zero-temperature noise (or shot 
noise) does not give any additional information on the system since it is simply 
proportional to the current, as shown quite generally in Ref. 1^. In the more inter- 
esting case of a diffusive metal wire in contact with a superconductor through an 
interface of conductance Gb much larger than the wire conductance Gd , Belzig and 
Nazaro\EI found that the differential shot noise, dS/dV, shows a reentrant behav- 
ior, as a function of the voltage bias, similar, but not identical, to the conductance 
one. (The extension of the Boltzman-Langevin approach to the coherent regime 
in Ref. 1^1 n eglects t his difference.) In order to compare quantitatively with actual 



necessary to obtain the energy dependence of noise in more general situations. The 

numerical method used in Ref.l^lis, in principle, suitable to treat more general cases, 

notably the case when Gd ~ Gb, but only if all channel transparencies, {r„}, that 

1 9 

characterize the interface are small. In Ref. we presented an analytical solution 
for the diff usio n-type differential equation for the noise within the theory of current 
fluctuation^^! in the quasiclassical dirty limit .'^ It allows to treat the general case 
of arbitrary values for {r„} and Gb /Gd- In the present paper we present the min- 
imal set of equations necessary to obtain the noise. We then exploit them to obtain 
closed analytical expressions for the noise at large energy. 

1. Equations to obtain the noise 

In Ref. ^2 -^^e have developed an analytical theory to calculate the current noise in 
a diffusive wire of length L, diffusive constant D, conductance Gd, connected to a 
normal reservoir on one side (with a transparent junction) and to superconductor 
on the other side through an arbitrary interface characterized by a set of channel 
transparencies {r„}. These equ ations are obtained by exploiting the semiclassical 
theory proposed by Nazarov^ to calculate the full counting statistics of charge 
transfei^l Details are given in Ref. Let us summarize in a compact form the 
equations necessary to obtain the noise. 

The first step is to obtain the conductance. This depends on fxix) and 9{x), 
parameterizing the fermion distribution and the superconducting correlations, re- 
spectively. The variable x varies between and L, 9 — 9i +i92 is a complex number 
and satisfies the following equation: 




and to gi 



;ain more insight in the interference phenomenon, it is 



hD9"{x) + 2iesmh 9 (x) 



(1) 



Wl' 



ith boundary conditions^ 9{L) 



and 9' 



(0) = H[9{0)] where 
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We defined (i/;(r)) = E„ r„V(r„)/ E„ r„ and r = Gd/Gb, with Gb - 
(2e^//i) r„. For /t we have the simpler equation {cosh^ 0i{x)f^{x)y = with 
boundary conditions fT{L) = fro and 

■''^^ ^ cosh 6*1(0) sinh 6*1(0) ' ^ ' 

Here /to = f- ^ f+i /±(£) = /(e ± e^), / is the Fermi function at temperature T, 
and V is the voltage bias. Then the current is / = l/(2e) Jde G(e)/To(£) witl0 



G(e) = Gi 



■^.,^^^_^tanh.i(0)-^ 



(4) 



hDa"{x)+2iea{x)coshe{x)^~2ET , 3 , , , (5) 



L0i(O) 

andG~^(e) = 1/L J^^ ds/ cosh^ 0i(s). At low temperatures, ksT <^ eV , Gdiff{V) = 
G(ey) is the differential conductance. These equations have been recently exploited 
in Ref. ^1 to discuss the conductance. 

To obtain the noise we need an additional parameter a{x). It parameterizes 
the first correction in the counting field to the Usadel Green's function. Other 
parameters intervene, but we do not need them to calculate the noise. 

The complex parameter a = ai + ia2 satisfies the following linear differential 
equation: 

sinh6li(a:) G{ef 
cosh^6ii(a;) G% 

with Et = hD/L^. The boundary conditions are a{L) — and L a'(0) = a a(0)/r + 
/3/r with 

_ / i sinh 6* - r(i sinh 6* - l)/2 \ 
"~\ [I + r(zsinh^- l)/2]' / 

ic^ /2r2cosh6'*+8(r-l)cosh6l-2ir(r-2)sinh6lcosh6l*\ 
~8"\ |1 + T{i sinhe - 1)/2|^ (1 + T{i sinh6i - l)/2) /' 

both evaluated at x = and we defined r = Gd/Gb- The low frequency noise is 
finally given by: 

jdeG{e){l-fl^{e)-[l-F{e)]fUe)], (8) 



where 



^ (1 + c(0)^) + r^i^^^i"! 
3 Gd Jo cosh'^ 9i 



_ / GDa[{0)c{0) 2ai(0) \ 

^ ' VG(e)tanh 6*1(0) sinh 26*1(0) J ' ^ ' 

Here the parameter c is simply poportional to fxix)'. c{x) = —frix)/ fro with 
c(0) = 1 - G(£)/[Gz5G(£)], and /io = 1 - /+ - /- 

We have all ingredients to calculate explicitly the noise for arbitrary values of 
the ratio r, of the energy e, or of the transparency set r„. 
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2. Large energy limit for r 

In the following we discuss the e ^ Et analytical limit. If r 7^ for large e the 
parameter 9 is very small, it is thus possible to set up the following expansion: 

e('Hx) 

where we introduced the large parameter of the expansion k ~ -Je. We can now 
substitute H1U|) into and into the boundary conditions. In collecting terms of 
the same order in Xjk one has to remember that each derivative with respect to x 
introduce a k factor. At lowest order we obtain 

i:i6l('")"(j;) + 2iA:2 6iM =0 (11) 

i?0(2)"(^)^.2ifc2[(?(2) ^0. (12) 

where m = 0, 1. For the boundary conditions we obtain 9^'^^{L) = for all to, 
6»'(o) = kH{0), 6l'(i) = kH'{O)0^°\ and ff'^^) = kH'{0)e^^'> + k H"{0)e^°^'^ /2. To 
obtain the conductance to order l/fc^ we need also the boundary condition for 
0(3)', but we do not need to solve the associated differential equation. Solving the 
dilferential equations and (|12|l and substituting the result into Eq. 10} we obtain 
for the conductance up to second order in 1/fc the following expression: 

H' H'H" H'H"{2H' + 2H'^ - HH") 

l + H'^ 2k{l+H'Y ^ 4fc2(l + iJ')4 +■■•■ ( ^) 

Equation H13(l holds for any distribution of channel transparency, it suffices to cal- 
culate the appropriate average in the definition of iJ, -ff', and H" . 

The procedure to obtain the noise is similar. This time we need an expansion of 
the parameter a which has the same form of . Actually the differential equation 
for a*-"-' and a^^) coincide with those for d''^\ The equation for a^^) reads: 

hDa^^y + 2*fc2a(2) ^ -2fc2[za(o)0W' + /toG^^] . (14) 

The boundary conditions for a read: a(°)+fc/3("V^ Oi a^'^'^ +k[a{Q)a^°'^ + l3^^'^]/r = 
0, a(2) +fc[a(0)a(i) +a(l)a(°) +/3(2)]/r = 0, where the same kind of development has 
been performed on a and (3. Substituting these expressions into lO we can obtain 
the differential Fano factor F{£) — {dS/dV){e)/2eG{e). The lowest order, i.e. the 
incoherent contribution has a simple expression: 



2 

F — - 

^ inc 2 



, (2^ / , 

1 + (2 - 3 ' ' ^ -° 



(15) 



(2-r)^ / {Gd + 2Gb{^ (.2-t)^ )f 

This can be understood by a comparison with the classical calculation of Ref. ^1 for 
a wire connected to normal reservoirs. Eq. coincide with the Fano factor given 
there when the substitution e 2e, Gd Gd/2 and r„ ^ F;^ = Tl/{2 - F„)2. 
This is consistent with the expectation tha t ph ase coherence becomes irrelevant at 
high energy (see also the discussion in Ref. 
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The expression for the quantum correction to Eq. H15|) is cumbersome in the 
general case and we will not present it. Simpler expression is obtained when all 
transparencies are the same (r„ = F): 

^''^ " [r(r - 2) + 2T]^ ["^^ + " ^^^"^^ + ""^^ " + " ^^^^ 

and ^(e) = F„e + i^^^VVe- 

3. Conclusions 

We presented a theory to calculate the energy dependence of the noise in a wire 
connecting a normal with a superconducting reservoir. The theory allows to obtain 
closed analytical expressions in different relevant limits. We considered here in some 
details the large energy case. The classical incoherent result appears for energy much 
larger than the Thouless energy. Quantum corrections are explicitly evaluated when 
all transparencies have the same value. 
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